Abstract. Up to equivalence, this paper classifies all the irreducible unitary representations with non-zero Dirac cohomology for the following real reductive exceptional Lie groups: EI = E 6(6) , EIV = E 6(−26) , FI = F 4(4) , FII = F 4(−20) .
Introduction
Let G be a complex connected simple algebraic group with finite center. Let σ : G → G be a real form of G. That is, σ is an antiholomorphic Lie group automorphism and σ 2 = Id. Let θ : G → G be the involutive algebraic automorphism of G corresponding to σ via Cartan theorem (see Theorem 3.2 of [2] ). Put G(R) = G σ as the group of real points. Note that G(R) must be in the Harish-Chandra class [10] . Denote by K := G θ a maximal compact subgroup of G, and put K(R) := K σ . Denote by g 0 the Lie algebra of G(R), and let g 0 = k 0 ⊕ p 0 be the Cartan decomposition corresponding to θ on the Lie algebra Level. Denote by h f,0 = t f,0 ⊕ a f,0 the unique θ-stable fundamental Cartan subalgebra of g 0 . That is, t f,0 ⊆ k 0 is maximal abelian. As usual, we drop the subscripts to stand for the complexified Lie algebras. For example, g = g 0 ⊗ R C, h f = h f,0 ⊗ R C and so on. We fix a non-degenerate invariant symmetric bilinear form B on g. Its restrictions to k, p, etc., will also be denoted by the same symbol.
The current paper aims to classify G(R) d -the set of equivalence classes of irreducible unitary (g, K(R))-modules with non-zero Dirac cohomology-for some real exceptional Lie groups. Among the entire unitary dual G(R), members of G(R) d are precisely the ones where Parthasarathy's Dirac operator inequality [15, 16] becomes equality. See Section 2.2 for more. Thus understanding these modules thoroughly should be very interesting. Indeed, from any irreducible unitary module in the good range from any proper θ-stable parabolic subgroup of G(R). This theorem allows us to completely determine G(R) d after a finite calculation and to organize it neatly for those G(R) whose rank is small. Another tool is the software atlas [25] , which detects unitarity based on the algorithm due to Adams, van Leeuwen, Trapa and Vogan in [2] .
Our main results are classifications of G(R) d for G(R) on the following list: EI = E 6(6) , EIV = E 6(−26) , FI = F 4(4) , FII = F 4 (−20) .
In the statement of the following results, by the FS-scattered part of G(R) A very interesting phenomenon that we must mention is that certain FS-scattered members can be viewed as the limit case of some strings 1 . See Example 8.1.
In the spirit of Conjecture 1.1 of Barbasch and Pandžić [3] , the scattered part of G(R)
should offer us some unipotent representations-the most singular unitary representations which are believed to be the building blocks of G(R). Therefore, our classifications should also be helpful for understanding the entire unitary dual of those exceptional groups. The paper is organized as follows. We recall necessary background in Section 2. Then we adopt the algorithm for computing the scattered part of G(R)
from [8] in Section 3. carefully. Note that the unitary dual of G 2 (2) has been determined by Vogan [23] in 1994. Section 9 is an appendix indexing some KGB elements of the concerned real exceptional Lie groups.
The root systems are adopted as in Appendix C of Knapp [13] throughout the paper. We always use N to stand for the set {0, 1, 2, . . . }.
Preliminaries
This section aims to collect necessary preliminaries.
2.1. atlas height, lambda norm and spin norm. We adopt the basic notation G, G(R), θ, etc., as in the introduction. Let H(R) f = T (R) f A(R) f be the θ-stable fundamental Cartan subgroup for G(R). Then T (R) f is a maximal torus of K(R). Put h f = t f + a f as the Cartan decomposition on the complexified Lie algebras Level. Recall that a non-degenerate invariant symmetric bilinear form B has been fixed on g. Its restrictions to k, p, etc., will also be denoted by B.
We denote by ∆(g, h f ) (resp., ∆(g, t f )) the root system of g with respect to h f (resp., t f ). The root system of k with respect to t f is denoted by ∆(k, t f ). Note that ∆(g, h f ) and ∆(k, t f ) are reduced, while ∆(g, t f ) is not reduced in general. The Weyl groups for these root systems will be denoted by
We fix compatible choices of positive roots ∆ + (g, h f ) and ∆ + (g, t f ) so that a positive root in ∆(g, h f ) restricts to a positive root in ∆(g, t f ). Note that ∆ + (g, t f ) is a union of the set of positive compact roots ∆ + (k, t f ) and the set of positive noncompact roots ∆ + (p, t f ). As usual, we denote by ρ (resp. ρ c , ρ n ) the half sum of roots in ∆ + (g, h f ) (resp. ∆ + (k, t f ), ∆ + (p, t f )). Then ρ, ρ c , ρ n are in it * f,0 and ρ n = ρ − ρ c .
Let us simply refer to a k-type by its highest weight µ. Choose a positive root system (∆ + ) ′ (g, h f ) making µ + 2ρ c dominant. Let ρ ′ be the half sum of roots in (∆ + ) ′ (g, h f ). After [19] , we put λ a (µ) as the projection of µ + 2ρ c − ρ ′ to the dominant Weyl chamber of (∆ + ) ′ (g, h f ). Then (1) µ lambda := λ a (µ) .
Here · is the norm on it * f,0 induced from the form B. It turns out that this number is independent of the choice of (∆ + ) ′ (g, h f ), and it is the lambda norm of the k-type µ [21] . It is interesting to note that the lambda norm of the trivial k-type may or may not be zero. The atlas height of µ is defined as
For the fixed ∆ + (k, t f ), let us enumerate all the compatible choices of positive roots for ∆(p, t f ) as
n the half sum of roots in (∆ + ) (j) (p, t f ). In particular, ρ (0) n = ρ n . Now the spin norm of the k-type µ [5] is defined as (3) µ spin := min
where
n } stands for the unique dominant weight to which µ − ρ
n is conjugate under the action of W (k, t f ). It is known from the author's thesis that (4) µ spin ≥ µ lambda for any k-type µ. Since G(R) is in the Harish-Chandra class, we may and we will define the lambda norm (resp., spin norm) of a K(R)-type as the lambda norm (resp., spin norm) of any of its highest weight. Now a K(R)-type of a (g, K(R))-module π is called a lambda-lowest (resp., spin-lowest) K(R)-type if its lambda norm (resp. spin norm) attains the minimum among all the K(R)-types of π. Theorem 1.2 of [5] characterizes those K(R)-types whose spin norm equal to their lambda norm.
Dirac cohomology.
Fix an orthonormal basis Z 1 , · · · , Z n of p 0 with respect to the inner product induced by the form B. Let U (g) be the universal enveloping algebra of g and let C(p) be the Clifford algebra of p with respect to B. The Dirac operator
It is easy to check that D does not depend on the choice of the orthonormal basis Z i and it is K(R)-invariant for the diagonal action of K(R) given by adjoint actions on both factors.
To understand the unitary dual G(R) better, Vogan introduced the notion of Dirac cohomology in 1997 [24] . Let K(R) be the subgroup of K(R) × Pin p 0 consisting of all pairs (k, s) such that Ad(k) = p(s), where Ad :
is the adjoint action, and
is the pin double covering map. Namely, K(R) is constructed from the following diagram:
acts on π ⊗ S G , and the Dirac cohomology of π is defined as the
Here we note that K(R) acts on π through K(R) and on S G through the pin group Pin p 0 . Moreover, since Ad(k)(Z 1 ), . . . , Ad(k)(Z n ) is still an orthonormal basis of p 0 , it follows that D is K(R) invariant. Therefore, KerD, ImD, and H D (X) are once again K(R) modules. By setting the linear functionals on t f to be zero on a f , we embed t * f as a subspace of h * f . The Vogan conjecture was proved by Huang and Pandžić in Theorem 2.3 of [11] . Let us recall a slight extension of this result to possibly disconnected Lie groups as follows.
Theorem 2.1. (Theorem A [9] ) Let π be an irreducible (g, K(R))-module. Assume that the Dirac cohomology of π is nonzero, and let γ ∈ t * f ⊂ h * f be any highest weight of a
Guaranteed by the above theorem, a necessary condition for π to have non-zero Dirac cohomology is that it has real infinitesimal character (cf. Definition 5.4.11 of [21] ). We care the most about the case that π is unitary. Then D is self-adjoint with respect to a natural inner product on π ⊗ S G , KerD ∩ ImD = 0, and
Parthasarathy's Dirac operator inequality [15, 16] now says that D 2 has non-negative eigenvalue on any K(R)-type of π ⊗ S G . Namely, we have that
where µ is a highest weight of any K(R)-type occurring in π. Moreover, by Theorem 3.5.2 of [12] , (7) becomes equality on certain K(R)-types if and only if H D (π) is non-vanishing.
2.3. Cohomological induction. Let q = l ⊕ u be a θ-stable parabolic subalgebra of g with Levi factor l and nilpotent radical u. Set L(R) = N G(R) (q). Let us arrange the positive root systems in a compatible way, that is,
. Let ρ L denote the half sum of roots in ∆ + (l, h f ), and denote by ρ(u) (resp., ρ(u ∩ p)) the half sum of roots in ∆(u, h f ) (resp., ∆(u ∩ p, h f )). Then
, where j is a nonnegative integer. Suppose that Z has infinitesimal character λ L ∈ h * f . After [14] , we say that Z is good or in good range if (9) Re
We say that Z is weakly good if
Let us recall a theorem which is mainly due to Vogan. 
is nonzero, and it is unitary if and only if Z is unitary.
Let X be an irreducible (g, K(R))-module with real infinitesimal character Λ ∈ h * f which is dominant for ∆ + (g, h f ). After [18] , we say that X is strongly regular if
Theorem 2.3. (Salamanca-Riba [18] ) Let X be a strongly regular irreducible (g, K(R))-module. Then X is unitary if and only if it is a A q (λ) module in the good range.
Recall that a formula for Dirac cohomology of cohomologically induced modules has been obtained in [9] whenever the inducing module is weakly good. As a consequence of Theorem B there, we have the following.
is non-zero if and only if that H D (Z) is non-zero and that there exists a highest weight
2.4.
Cohomological induction in the software atlas. Let us recall necessary notation from [2] regarding the Langlands parameters in the software atlas [25] . Let H be a maximal torus of G. That is, H is a maximal connected abelian subgroup of G consisting of diagonalizable matrices. Note that H is complex connected reductive algebraic. Its character lattice is the group of algebraic homomorphisms
Choose a Borel subgroup B ⊃ H. In atlas, an irreducible (g, K(R))-module π is parameterized by a final parameter p = (x, λ, ν) via the Langlands classification, where x is a K-orbit of the Borel variety G/B, λ ∈ X * + ρ and ν ∈ (X * ) −θ ⊗ Z C. For the parameter p to be final, there are further requirements on x, λ and ν. We refer the reader to [2] for a rigorous definition. In such a case, the infinitesimal character of π is
Note that the Cartan involution θ now becomes θ x -the involution of x, which is given by the command involution(x) in atlas.
The following result is taken from Paul's lecture [17] . It expresses a theorem of Vogan [22] in the language of atlas.
Theorem 2.5. (Vogan [22] ) Let p = (x, λ, ν) be the atlas parameter of an irreducible (g, K(R))-module X. Let S be the support of x, and q(x) be the θ-stable parabolic subalgebra given by the pair (S, x), with Levi factor L(R). Then X is cohomologically induced, in the weakly good range, from an irreducible (l,
Note that the support of a KGB element x is given by the command support(x) in atlas. The above theorem always utilizes the minimum θ-stable parabolic subgroup to do cohomological induction. The parameter p L = (y, λ ′ , ν ′ ) can be easily obtained as follows: y is the KGB element of L(R) corresponding to the KGB element x of G(R), λ ′ = λ − ρ(u) and ν ′ = ν. Usually, one can find other bigger θ-stable parabolic subgroups to realize X via cohomological induction, then we can move the inducing module from the weakly good range to the good range. The pL above is the parameter of the inducing module. The last output says that it is weakly good. Now let us enlarge the above θ-stable parabolic subgroup P to be the following Q, then we can still get the original representation p, while the inducing module will be shifted to the good range. Therefore, the representation p is actually not a scattered member of FII d .
Computing the scattered part of G(R) d
This section aims to recall the algorithm for computing the scattered part of G(R)
belongs to the scattered part if it is not cohomologically induced from any good module of any proper θ-stable parabolic subgroup of G(R).
Based on the proof of [8, Theorem A], we proceed as follows:
(a) Enumerate all the dominant real infinitesimal characters Λ such that
and that are conjugate to δ + ρ c for certain K(R)-type δ. If the group G(R)-which must be simple by our assumptions-is centerless and semisimple, then any one-dimensional unitary character of G(R) must be trivial. Therefore, in such a case, to find the non-trivial scattered members of G(R) d , Theorem 2.3 allows us to focus on those Λ which are not strongly regular in step (a). This will reduce the workload significantly.
Another remark is that we can use Parthasarathy's Dirac operator inequality to detect non-unitarity effectively in step (b). More precisely, as guaranteed by Theorem C of [8] , for certain groups we can use the distribution of spin norm along Vogan pencils starting from one of the lowest K(R)-types to rule out many non-unitary representations. See Example 7.1.
Carrying out these steps will give us finitely many members of G(R) d , among which we can find all the scattered members due to Theorem A of [8] . For instance, a representation must be scattered if its KGB element has a full support. There may also be some scattered members whose KGB elements are not fully supported. In practice, we find it is more convenient to equip them as the starting points of strings instead of singling them out. See Section 8 for some concrete examples.
Note that the scattered members of L(R) To sum up, like the case of complex Lie groups [6, 7] , we will organize the set G(R) In subsequent sections, we will provide concrete examples to illustrate this algorithm. Indeed, we have built up some Mathematica files to facilitate the calculations. The pdf version for the group EI = E 6(6) is available via the link https://www.researchgate.net/publication/327741868_EI-ScatteredPart
We explain these codes carefully. Thus the reader can pick up them without much difficulty. in atlas via the command G:F4 B4. It is equal rank, centerless, connected and simply connected. We adopt the simple roots of ∆ + (g, t f ) and ∆ + (k, t f ) as in Knapp [13, Appendix C] . In particular, its Vogan diagram is presented in Fig. 1 , where α 1 , α 2 are short, while α 3 , α 4 are long. Let {ξ 1 , ξ 2 , ξ 3 , ξ 4 } be the fundamental weights corresponding to ∆ + (g, t f ). The simple roots for ∆ + (k, t f ) are Let ̟ 1 , . . . , ̟ 4 be the fundamental weights corresponding to ∆ + (k, t f ). We will express the atlas parameters λ and ν in terms of ξ 1 , . . . , ξ 4 , and express highest weights of K(R)-types in terms of ̟ 1 , . . . , ̟ 4 . For instance, the spin-lowest K(R)-type in the first row of Table 2 is the one with highest weight
Note that atlas labels the simple roots of ∆ + (g, t f ) in the way opposite to that of Fig. 1 . Thus whenever we put the parameters λ and ν in Tables 1 and 2 into atlas, we should reverse the order of their coordinates.
Example 4.1. Let us illustrate the algorithm in Section 3 for FII.
• Step (a) gives us 311513 candidates for Λ, among which 38090 are not strongly regular. By Theorem 2.3, it suffices to focus on the latter ones.
• FII has 15 KGB elements in total, which are listed in Section 9.1. The following ones are fully supported #x = 10, 11, 12, 13, 14.
• Now say fix #x = 10. Then only one representation survives after carrying out steps (b) and (c). This gives the first row of Table 1 .
• All other fully supported KGB elements produce no non-trivial FS-scattered mem-
To sum up, the FS-scattered members of FII d are exhausted in Table 1 , where in the second row sits the trivial representation. See Example 8.1 for the meaning of the column "string limit".
The strings of FII d are given in Table 2 , where a, b, c, d are members of N such that the
In a few cases, there are stronger requirements than (13) for some coordinates. They are put in the last column. 
We need some argument to show that all the members in the strings of is dominant for ∆(u, t f ). Therefore, by Theorem 7.237 of [14] ,
Here ψ
is the translation functor, and S := dim(u ∩ k). In particular, it says that 
Due to our choices of a, b, c and the compatibility of ∆ + (g, t f ) and ∆ + (k, t f ), the weight
The above argument works for the strings of other groups, and we will not repeat it in subsequent sections.
One checks directly that each starting point (hence each member) of every string in Table  2 is either in the good range or can be shifted to the good range by enlarging the θ-stable parabolic subgroups (see Example 2.6 for one instance). Therefore, Table 1 Table 2 .
The set EIV d
This section aims to report a classification of EIV d . The group EIV = E 6(−26) is realized in atlas via the command G:E6 F4. It is centerless, connected and simply connected. This group is not equal rank. Indeed, h f = a f ⊕ t f and dim a f = 2. We adopt the simple roots of ∆ + (g, h f ) and ∆ + (k, t f ) as in Knapp [13, Appendix C]. In particular, its Vogan diagram is presented in Fig. 2. Let {ξ 1 , . . . , ξ 6 } be the fundamental weights corresponding to ∆ + (g, t f ). The simple roots for ∆ + (k, t f ) are
Here γ 1 and γ 2 are short, while γ 3 and γ 4 are long. Let ̟ 1 , . . . , ̟ 4 be the fundamental weights corresponding to ∆ + (k, t f ). We will express the highest weights of K(R)-types in terms of ̟ 1 , . . . , ̟ 4 . Similarly, the atlas parameters λ and ν will be expressed in terms of ξ 1 , . . . , ξ 6 . Note that atlas labels the simple roots of ∆ + (g, t f ) in the same way as that of Fig. 2 . 
Figure 2. The Vogan diagram for EIV
Example 5.1. Let us illustrate the algorithm in Section 3 for EIV.
•
Step (a) gives us 1147419 candidates for Λ, among which 105003 are not strongly regular. By Theorem 2.3, it suffices to focus on the latter ones.
• EIV has 45 KGB elements in total. Some of them are listed in Section 9. • Now say fix #x = 19. Then only one representation survives after carrying out steps (b) and (c). This gives the first row of Table 3 .
• All other fully supported KGB elements produce no non-trivial FS-scattered members of EIV d .
To sum up, the FS-scattered members of EIV d are exhausted in Table 3 , where again in the second row sits the trivial representation.
The string part of EIV d is presented in Table 4 , where a, b, c, d, e, f are nonnegative integers such that the infinitesimal character
and that
One checks directly that each starting point (hence each member) of every string in Table   4 is in the good range. Therefore, Table 3 actually exhausts the scattered part of EIV d . 
Proof. Note that the string with #x = 0 gives precisely all the irreducible tempered representations of EIV with non-zero Dirac cohomology. The result follows from Theorem 1.2 of [5] and Table 4 .
The set FI d
This section aims to report a classification of FI d . The group FI = F 4(4) is realized in atlas via the command G:F4 s. It is equal rank, centerless, connected, but not simply connected. We adopt the simple roots of ∆ + (g, t f ) and ∆ + (k, t f ) as in Knapp [13, Appendix C]. In particular, its Vogan diagram is presented in Fig. 3 , where α 1 , α 2 are short, while α 3 , α 4 are long. Let {ξ 1 , ξ 2 , ξ 3 , ξ 4 } be the fundamental weights corresponding to ∆ + (g, t f ). The simple roots for ∆ + (k, t f ) are
The Dynkin diagram for ∆ + (k, t f ) is given in Fig. 4 . Let ̟ 1 , . . . , ̟ 4 be the fundamental weights for ∆ + (k, t f ). We will express the atlas parameters λ and ν in terms of ξ 1 , . . . , ξ 4 , and express highest weights of K(R)-types in terms of ̟ 1 , . . . , ̟ 4 . Note that the K(R)-types are parameterized via the highest weight theorem by [a, b, c, d] such that a, b, c, d are members of N and that a + c + d is even.
Note that atlas labels the simple roots of ∆ + (g, t f ) in the way opposite to that of Fig. 3 . Thus whenever we put the parameters λ and ν in the tables of this section into atlas, we should reverse the order of their coordinates.
Example 6.1. Let us illustrate the algorithm in Section 3 for FI.
• Step (a) gives us 369272 candidates for Λ, among which 95849 are not strongly regular. By Theorem 2.3, it suffices to focus on the latter ones.
• FI has 229 KGB elements in total. The following ones are fully supported: • Now say fix #x = 225. Then only one representation survives after carrying out steps (b) and (c). This gives the nineteenth row of Table 5 .
To sum up, the FS-scattered members of FI d are exhausted in Table 5 , where in the last row sits the trivial representation.
We note that each spin-lowest K(R)-type in Table 5 is u-small, and occurs with multiplicity one. 
The strings of FI d are given in Tables 6-9 In some cases, there are stronger requirements for certain coordinates. They will be put within the column "spin LKTs". Every spin-lowest K(R)-type in these tables occurs with multiplicity one.
Corollary 6.2. Let G(R) be FI. Then all the K(R)-types whose spin norm equal to their lambda norm are exactly the ones in the last column of Table 6 .
Proof. Note that the strings with 0 ≤ #x ≤ 11 give precisely all the irreducible tempered representations of FI with non-zero Dirac cohomology. The result follows from Theorem 1.2 of [5] .
Finally, let us present an example saying that a spin-lowest K(R)-type of an irreducible unitary representation could have multiplicity bigger than one. Their multiplicities are 1, 2, 1, 1, 1, respectively. Note that this representation has zero Dirac cohomology. Indeed, it has spin norm 3, which is strictly larger than Λ = 
This section aims to report a classification of EI d . The group EI = E 6(6) is realized in atlas via the command G:E6 s. It is centerless, connected, but not simply connected. We adopt the simple roots of ∆ + (g, t f ) and ∆ + (k, t f ) as in Knapp [13, Appendix C] . In particular, its Vogan diagram is presented in Fig. 5 . The simple roots for ∆ + (g, t f ) are Figure 5 . The Vogan diagram for EI
The root system ∆ + (g, t f ) is F 4 , with α 1 , α 2 short and α 3 , α 4 long. Let ξ 1 , ξ 2 , ξ 3 , ξ 4 be the corresponding fundamental weights for ∆ + (g, t f ). On the other hand, ∆ + (k, t f ) is C 4 , and has simple roots
Here γ 4 is long. Accordingly, let ̟ 1 , . . . , ̟ 4 be the fundamental weights for ∆ + (k, t f ). We will express the atlas parameters λ and ν in terms of ξ 1 , . . . , All of them turn out to have non-zero Dirac cohomology. Indeed, their spin-lowest K(R)-types are [11, 0, 13, 4] , [13, 0, 11, 5] , [10, 2, 12, 4] , [12, 2, 10, 5] , respectively; moreover, they all have spin norm √ 634, which equals Λ . Now the reader sees that the four representations merge into four strings in Tables 11 and 13 .
Carrying out the algorithm in Section 3 for EI leads us to Table 10 , where in the last row sits the trivial representation. We note that each spin-lowest K(R)-type in Table 10 is u-small, and occurs with multiplicity one. 
In some cases, there are stronger requirements for certain coordinates. They will be put within the column "spin LKTs". Every spin-lowest K(R)-type in these tables occurs with multiplicity one. Table 11 .
Proof. Note that the strings in Table 11 are precisely all the irreducible tempered representations of EI with non-zero Dirac cohomology. The result follows from Theorem 1.2 of [5] .
We note that different parameters may represent the same module in atlas. We will always choose one way to represent certain strings uniformly.
Example 7.3. Let us look at the string with #x = 3 in Table 12 more closely. Take a = b = c = 1, e = f = 0. Then the representation is p below. However, atlas will change it into another form, namely pp below. 
This section aims to report a classification of G 2(2) d . The group G 2(2) is realized in atlas via the command G:G2 s. It is centerless, connected, but not simply connected. We adopt the simple roots of ∆ + (g, t f ) and ∆ + (k, t f ) as in Knapp [13, Appendix C] . In particular, its Vogan diagram is presented in Fig. 6, where α 1 = (1, −1, 0) is short, while α 2 = (−2, 1, 1) is long. In this case, ∆ + (g, t f ) is G 2 , while ∆ + (k, t f ) is A 1 ×A 1 . Indeed, ∆ + (k, t f ) consists of two orthogonal roots: γ 1 := α 1 , γ 2 := 3α 1 + 2α 2 . Let ξ 1 , ξ 2 (resp., ̟ 1 , ̟ 2 ) be the corresponding fundamental weights for ∆ + (g, t f ) (resp., ∆ + (k, t f )). We will express the atlas parameters λ and ν in terms of ξ 1 , ξ 2 , and express highest weights of K(R)-types in terms of ̟ 1 , ̟ 2 . Note that the K(R)-types are parameterized via the highest weight theorem by [a, b] such that a, b are members of N and that a + b is even. Carrying out the algorithm in Section 3 for G 2(2) leads us to Table 17 , where in the last row sits the trivial representation. The strings of G 2(2) d are given in Table 18 . In this table, In some cases, there are stronger requirements for certain coordinates. They will be put within the column "spin LKTs". Every spin-lowest K(R)-type in these tables occurs with multiplicity one. The Levi subgroups of the first three θ-stable parabolic subgroups are described as compact connected quasisplit real group with Lie algebra 'u(1).u(1)' by atlas, while those of the last two are described as connected quasisplit real group with Lie algebra 'sl(2,R).u(1)' Since we are doing cohomological induction in the way of Theorem 2.5, this justifies from another aspect that there are five strings for G 2 (2) d in total.
We note also that the following two representations are scattered members of G 2 (2) d in the sense of [8] . Namely, they can not be cohomologically induced from any good module of any proper θ-stable Levi subgroup of G 2 (2) .
final parameter(x=3,lambda=[0,1]/1,nu=[-3,2]/2) final parameter(x=4,lambda=[1,0]/1,nu=[2,-1]/2) However, it is more convenient to equip them into the strings in Table 18 with #x = 3 and #x = 4 respectively as the starting points.
It is very interesting to note that the two non-trivial FS-scattered members in Table 17 can be viewed as limits of certain strings.
Example 8.1. Firstly, let us input the starting representation of the string with #x = 3 in Table 18 . The last two outputs tell us the Levi and the KGB element of the inducing module q, which is weakly good. Now we minus the first coordinate of the lambda parameter of q by 2, and get qm2, which is no longer weakly good. The last output says that the second representation of Table 17 occurs as a composition factor of the module cohomologically induced from qm2. Therefore, we may view that FSscattered module as the limit case of the string with #x = 3 in Table 18 by taking a = −2.
Similarly, we can view the first representation of Table 17 as the limit case of the string with #x = 4 in Table 18 by taking b = −1.
Corollary 8.2. Let G(R) be G2 s. Then all the K(R)-types whose spin norm equal to their lambda norm are exactly
